Устойчивость центральных состояний замкнутой струны с массивными точками by Шаров, Г.С.
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∂τ2
− ∂
2Xμ
∂σ2
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mj
d
dτ
x˙μj (τ)√
x˙2j (τ)
+ γ
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X
′μ + σ˙j(τ)X˙μ
]∣∣∣
σ=σj−0
− γ
[
X
′μ + σ˙j(τ)X˙μ
]∣∣∣
σ=σj+0
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d
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xμ = xμj (τ) ≡ Xμ
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τ, σj(τ)
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eμ(ωτ) = eμ1 cosωτ + e
μ
2 sinωτ, !C"
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σj(τ) = σj = G[NTO, j = 1, 2, !I"
Qj =
γ
mj
√
x˙2j(τ), j = 1, 2, 3. !<>"
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u(σ) =
a0
ω
·
⎧⎨
⎩
sinωσ, σ ∈ [0, σ1],
2s1c1 cosωσ + (s21 − c21) sinωσ, σ ∈ [σ1, σ2],
−S cosωσ + C sinωσ, σ ∈ [σ2, 2π],
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c1 = cosωσ1, s1 = sinωσ1, C = cos 2πω, S = sin 2πω,
c3 = cosω(2π − σ2), s3 = sinω(2π − σ2), C2 = cosωσ2, S2 = sinωσ2.
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σ2 − σ1 = π, !<D"
v1 = s1 = sinωσ1, v2 = s3 = sinω(π − σ1), !<@"
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Q1
ω
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s1
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v1√
1− v21
, 2
Q2
ω
=
s3
c3
=
v2√
1− v22
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a0 =
m1Q1
γ
√
1− v21
=
m2Q2
γ
√
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=
m3Q3
γ
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m1v1
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=
m2v2
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ω =
(−1)k1 arcsinv1 + (−1)k2 arcsinv2
π
+ 2(k1 + k2), σ1 =
(−1)k1 arcsin v1 + 2πk1
ω
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Xμ(τ, σ) =
1
2
[Ψμj+(τ + σ) + Ψ
μ
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Ψ˘′μ1±(τ) = a0
[
eμ0 ± eμ(ωτ)
]
,
Ψ˘′μ2±(τ) = a0
[
eμ0 + 2v1c1e´
μ(ωτ)± (2v21 − 1) eμ(ωτ)
]
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Ψ˘′μ3±(τ) = a0
[
eμ0 − Se´μ(ωτ)± Ceμ(ωτ)
]
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Ψ′j+
2 = Ψ′j−
2 = 0, j = 1, 2, 3
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6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Ψ˘′j±, ϕj±
)
= 0, j = 1, 2, 3. !D<"
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τ∗(τ) = τ + δ(τ), σ1(τ) = σ1 + δ1(τ), σ2(τ) = σ2 + δ2(τ), !DD"
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 &.0 σ = σj(τ)
Xμ
(
τ, σj(τ) − 0
)
= Xμ
(
τ, σj(τ) + 0
)
, j = 1, 2 !D@"
 &2 + ϕμj± 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 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{[
d
dτ X(τ, σj(τ))
]2}−1/2
 ++  62-. 2
τ∗  σj(τ) !DD"# +2A
Ψ˘′μn±(τ
∗ ± 2π)  Ψ˘′μn±(τ ± 2π) + δ(τ) Ψ˘′′μn±(τ ± 2π).
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e´μ(ωτ) = −eμ1 sinωτ + eμ2 cosωτ,
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?6/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!D<"   e0, e3, e
μ(ωτ), e´μ(ωτ)A
ϕ0j± ≡ (e0, ϕj±), ϕ3j± ≡ (e3, ϕj±), ϕj± ≡ (e, ϕj±), ϕ´j± ≡ (e´, ϕj±), !DB"
 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$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ϕ01±(τ) ± ϕ1±(τ) = 0,
ϕ02±(τ) + 2v1c1ϕ´2±(τ) ± (2v21 − 1)ϕ2±(τ) = 0,
ϕ03±(τ) − Sϕ´3±(τ) ± Cϕ3±(τ) = 0.
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 ϕiμ± # δj  δA
ϕμ1+(+1) + ϕ
μ
1−(−1)− ϕμ2+(+1)− ϕμ2−(−1) + 4c1a0
[
eμ(ωτ) δ˙1(τ) + ωe´μ(ωτ) δ1
]
= 0,
ϕμ2+(+2) + ϕ
μ
2−(−2)− ϕμ3+(+2)− ϕμ3−(−2)− 4c3a0
[
eμ(ωτ) δ˙2(τ) + ωe´μ(ωτ) δ2
]
= 0,
ϕμ3+(+) + ϕ
μ
3−(−)− ϕμ1+(τ) − ϕμ1−(τ) + 2a0eμ0 δ˙(τ) = 0,
d
dτ
[
ϕμ1+(+1) + ϕ
μ
1−(−1) + 2c1a0(eμδ˙1 + ωe´μδ1) + G1(eμ0 + v1e´μ)
]
+
+ Q1
[
ϕμ1+(+1)− ϕμ1−(−1)− ϕμ2+(+1) + ϕμ2−(−1)
]
= 0.
d
dτ
[
ϕμ2+(+2) + ϕ
μ
2−(−2)− 2c3a0(eμδ˙2 + ωe´μδ2) + G2(eμ0 − v2e´μ)
]
+
+ Q2
[
ϕμ2+(+2)− ϕμ2−(−2)− ϕμ3+(+2) + ϕμ3−(−2)
]
= 0.
d
dτ
[
ϕμ1+ + ϕ
μ
1− + (ϕ1+ − ϕ1−) eμ0
]
+ Q3
[
ϕμ3+(+)− ϕμ3−(−)− ϕμ1+ + ϕμ1− + 2ωa0e´μδ
]
= 0.
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 @ +&0 .0 +- 2 (τ) &. ϕμ1±# δ# δj  (ωτ) &. e
μ
#
e´μ  ?6/. &. 0 2
(±1) ≡ (τ ± σ1), (±2) ≡ (τ ± σ2), (±) ≡ (τ ± 2π),
 1
G1 = ϕ1+(+1)− ϕ1−(−1)− v1c−11
[
ϕ´1+(+1) + ϕ´1−(−1)− 2ωa0δ1
]
,
G2 = c−13
{
C2
[
ϕ2−(−2)− ϕ2+(+2)
]
+ S2
[
ϕ´2+(+2) + ϕ´2−(−2)
]
+ 2ωv2a0δ2
}
.
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ϕ3j+(+j) + ϕ
3
j−(−j) = ϕ3j∗+(+j) + ϕ3j∗−(−j),
ϕ33+(+) + ϕ
3
3−(−) = ϕ31+(τ) + ϕ31−(τ),
ϕ˙3j+(+j) + ϕ˙
3
j−(−j) + Qj
[
ϕ3j+(+j)− ϕ3j−(−j)− ϕ3j∗+(+j) + ϕ3j∗−(−j)
]
= 0,
ϕ˙31+(τ) + ϕ˙
3
1−(τ) + Q3
[
ϕ33+(+)− ϕ33−(−)− ϕ31+(τ) + ϕ31−(τ)
]
= 0.
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ϕ3j± = B
3
j± exp(−iξτ). !DC"
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&(A∣∣∣∣∣∣∣∣∣∣∣∣
E1+ E1− −E1+ −E1− 0 0
0 0 E2+ E2− −E2+ −E2−
−1 −1 0 0 E3+ E3−
(iξ −Q1)E1+ (iξ + Q1)E1− Q1E1+ −Q1E1− 0 0
0 0 (iξ −Q2)E2+ (iξ +Q2)E2− Q2E2+ −Q2E2−
−iξ −Q3 −iξ + Q3 0 0 Q3E3+ −Q3E3−
∣∣∣∣∣∣∣∣∣∣∣∣
= 0.
k( Ej± = exp(∓iξσj) J  .  
2(cos 2πξ − 1)− ξ(Q−11 + Q−12 + Q−13 ) sin 2πξ +
+ ξ2
(
sin2 πξ
Q1Q2
+
s˜3 sinσ2ξ
Q2Q3
+
s˜23 sinσ1ξ
Q1Q3
)
− ξ
3s˜3 sinσ1ξ · sinπξ
Q1Q2Q3
= 0, !DI"
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 s˜3 = sin(π − σ1)ξ# s˜23 = sin(2π − σ1)ξ 
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ξ1 + iξ2  +&1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ϕ3k = B
3
k exp(−iξ1τ) · exp(ξ2τ).
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/. ω# σ1# vj 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
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+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2 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.
tg πω =
2ω(Q1 + Q2)
ω2 − 4Q1Q2 , !@>"
&j- 6 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.   <7 ω 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eμ(τ) = c1eμ(±1)∓ s1e´μ(±1) = C2eμ(±2)∓ S2e´μ(±2) = Ceμ(±)∓ Se´μ(±)
 0 & &. e´(τ) &. 21.  87$ ϕμj±(±j)  6&/2
22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8
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ϕ1+(+1)− ϕ1−(−1) + (c21 − s21)
[
ϕ2+(+1)− ϕ2−(−1)
]− 2s1c1[ϕ´2+(+1) + ϕ´2−(−1)] = 0,
c1
[
ϕ1+(+1) + ϕ1−(−1)− ϕ2+(+1)− ϕ2−(−1)− 4a0δ˙1(τ )
]
+
+ s1
[
ϕ´1−(−1)− ϕ´1+(+1) + ϕ´2+(+1)− ϕ´2−(−1)
]
= 0,
s1
[
ϕ1+(+1)− ϕ1−(−1)− ϕ2+(+1) + ϕ2−(−1)
]
+
+ c1
[
ϕ´1+(+1) + ϕ´1−(−1)− ϕ´2+(+1)− ϕ´2−(−1)− 4ωa0δ1(τ )
]
= 0,
ϕ1+(τ ) + ϕ1−(τ )− Cϕ3+(+)−Cϕ3−(−) + Sϕ´3+(+)− Sϕ´3−(−) = 0,
ϕ´1+(τ ) + ϕ´1−(τ )− Sϕ3+(+) + Sϕ3−(−)− Cϕ´3+(+)−Cϕ´3−(−) = 0,
ϕ1+(τ )− ϕ1−(τ )− Cϕ3+(+) + Cϕ3−(−) + Sϕ´3+(+) + Sϕ´3−(−) + 2a0δ˙(τ ) = 0,
ϕ˙1+ + ϕ˙1− − ω(ϕ´1+ + ϕ´1−) = Q3
[
ϕ1+ − ϕ1− −C(ϕ3+ − ϕ3−) + S(ϕ´3+ + ϕ´3−)
]
,
˙´ϕ1+ + ˙´ϕ1− + ω(ϕ1+ + ϕ1−) = Q3
[
ϕ´1+ − ϕ´1− − S(ϕ3+ + ϕ3−)− C(ϕ´3+ − ϕ´3−) + 2ωa0δ
]
.
 +&0 .0 +- 2 (τ) &. ϕ1±# ϕ´1±# δ#  (±) &. ϕ3±#
ϕ´3± 
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ϕj± = Bj±e−iξτ , ϕ´j± = B´j±e−iξτ , 2a0δj = Δje−iξτ , 2a0δ = Δe−iξτ , !@<"
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m1 = m2, σ1 =
π
2
. !@D"
 !@D" &  s1 = s3# c1 = c3# v1 = v2# Q1 = Q2 
 L2 &/ +&/  + / 2&0 62-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0 A(
ξ tg
πξ
2
− ω tg πω
2
)(
c21ξ
2 − 2s1c1ωξ ctg πξ2 − S
∗
1ω
2
)
= 0, !@@"
c˜ ξ(ξ2 − ω2)[s˜c31ξ3 − 3c˜s1c21ωξ2 − s˜(1 + 3s21) c1ω2ξ + c˜s1S∗1ω3] =
= (c˜1c21ξ
2 + 2s˜1s1c1ωξ − c˜1S∗1ω2)×
×4Q3
[
c1ξ
3 cos
3πξ
2
+2(c˜s˜1s1ω+ s˜c˜1c1Q3) ξ2+(c˜c˜1c1ω+2s˜s˜1s1Q3)ωξ+ c˜s˜1s1ω3
]
. !@B"
k(
S∗1 = 1 + s
2
1, c˜ = cosπξ, s˜ = sinπξ, c˜1 = cosσ1ξ, s˜1 = sinσ1ξ.
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 Q1 =
1
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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 + Q1 = Q2 =
1/4# ω = 1/2# v1 = v2  0,707 +  + Q1 = Q2 = 1# ω  0,766898# vj  0,934
!   <U" +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.0 Q3 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|ϕ| ∼ exp(ξ2τ) 
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 .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0 < m3 < m3cr. !@E"
/ 6/ m3cr ! j-. 6/ Q3cr" +&.. 6
&. /6. 2+&0  . !@B" ! M^ ξ = 0" + m3 >
m3cr 
 &j?0 Q1 = Q2  + &(  2&0 m3 > 0 !?&(90 Q3"  28
2  - ( ξ∗ = iξ∗2 !ξ
∗
2 > 0"# 2.-.  &j + m3 → 0 

&. .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∗
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9.# ?-.(  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 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/ m3cr ≡ m∗3cr = γa0/Q∗3cr# 78
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/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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/8
&(# +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 !@B" ξ = iξ2#  &  + + ξ2 → 0A
s1S
∗
1ω
5ξ2 − 2Q3S∗1ω4
c1(1 + chπξ2) + s1ω shπξ2
chπξ2
+ ϕ(ξ2) = 0, ϕ(ξ2) = O(ξ32).
:$. ϕ(ξ2) = ϕ3ξ32 + ϕ5ξ
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2 + . . . +&1&(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 ξ2 > 0 !1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6 L &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2π + 2Q−11
. !@F"
 +& m1 → 0# m2 → 0 !Qj → ∞# j = 1, 2" 1 !@F" +8
2 # +j-  +&/2  ?0 l=m &2 /
Q > Q∗cr = (2π)−1 $&( $ .. &. 62  


 
  
 
 
  B=
 // 2 	 + 2&0 62- &. L  l=m
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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 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( ξ +.&.. + Q3 < 6,667 +
Q3 = 1 2+&  2j 6/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1 ?&j.   ( ξ	 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 ξ	 &. &. ? m1 = 1 !L 8
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  γa0  3,376" 622# /  &/2 6/. m3 (
ξ +.&.. + m3  0,42# ξ	  + m3  1,64 + m3  30,7 /6 (
ξ# + m3  38,1 /6 ( ξ∗# 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( ξ	 /6 +
m3 = m3cr 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 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 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.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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2 (
Q∗3cr
)−1 = 2π + Q−11 + Q−12 .
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1− v22
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